We give explicit formulas for the dimensions and the degrees of A-discriminant varieties introduced by Gelfand-Kapranov-Zelevinsky [14] . Our formulas can be applied also to the case where the A-discriminant varieties are higher-codimensional and their degrees are described by the geometry of the configurations A. Moreover combinatorial formulas for the Euler obstructions of general (not necessarily normal) toric varieties will be also given.
Introduction
The theory of discriminants is on the crossroad of various branches of mathematics, such as commutative algebra, algebraic geometry, singularity theory and topology. In [14] , Gelfand-Kapranov-Zelevinsky generalized this classical theory to polynomials of several variables by introducing A-discriminant varieties and obtained many deep results. They thus laid the foundation of the modern theory of discriminants. The first aim of this paper is to give formulas for the dimensions and the degrees of A-discriminant varieties. Let A be a finite subset a lattice M = Z n . Then the A-discriminant variety X * A is the dual of a projective variety X A ⊂ P ♯A−1 over C defined by A (see [14] and Section 3 for the definition). Let P be the convex hull of A in M R = R ⊗ Z M and assume that dimP = n. For each face ∆ ≺ P of the polytope P , we denote by Vol Z (∆) ∈ Z the normalized (dim∆)-dimensional volume (see (3. 3)) of ∆ with respect to the affine sublattice M(A∩∆) of M generated by A ∩ ∆. Recall that the algebraic torus T = Spec(C[M]) ≃ (C * ) n naturally acts on X A with finitely many orbits and there exists a basic correspondence (0 ≤ k ≤ n = dimP ):
{k-dimensional faces of P }
1:1
←→ {k-dimensional T -orbits in X A } (1.1)
proved by [14, Chapter 5, Proposition 1.9] . For a face ∆ ≺ P of P , we denote by T ∆ the T -orbit in X A which corresponds to ∆. Then our first result is as follows. 
Preliminary notions and results
In this section, we introduce basic notions and results which will be used in this paper. In this paper, we essentially follow the terminology of [6] , [16] and [18] . For example, for a topological space X we denote by D b (X) the derived category whose objects are bounded complexes of sheaves of C X -modules on X.
Definition 2.1 Let X be an algebraic variety over C. Then (i) We say that a sheaf F on X is constructible if there exists a stratification X = α X α of X such that F | Xα is a locally constant sheaf of finite rank for any α.
(ii) We say that an object F of D b (X) is constructible if the cohomology sheaf H j (F ) of F is constructible for any j ∈ Z. We denote by D b c (X) the full subcategory of D b (X) consisting of constructible objects F .
Recall that for any morphism f : X −→ Y of algebraic varieties over C there exists a functor Rf * :
of direct images. This functor preserves the constructibility and we obtain also a functor
For other basic operations Rf ! , f −1 , f ! etc. in derived categories, see [18] for the detail. Next we introduce the notion of constructible functions. Definition 2.2 Let X be an algebraic variety over C. Then we say a Z-valued function ρ : X −→ Z on X is constructible if there exists a stratification X = α X α of X such that ρ| Xα is constant for any α. We denote by CF Z (X) the abelian group of constructible functions on X.
For a constructible function ρ : X −→ Z take a stratification X = α X α of X such that ρ| Xα is constant for any α as above. Denoting the Euler characteristic of X α by χ(X α ) we set
where x α is a reference point in X α . Then we can easily show that X ρ ∈ Z does not depend on the choice of the stratification X = α X α of X. We call X ρ ∈ Z the topological (Euler) integral of ρ over X. Among various operations in derived categories, the following nearby and vanishing cycle functors introduced by Deligne will be frequently used in this paper (see [6, Section 4.2] for an excellent survey of this subject). Definition 2.3 Let f : X −→ C be a non-constant regular function on an algebraic variety X over C. Set X 0 := {x ∈ X | f (x) = 0} ⊂ X and let i X : X 0 ֒−→ X, j X : X \ X 0 ֒−→ X be inclusions. Let p : C * −→ C * be the universal covering of C * = C \ {0} ( C * ≃ C) and consider the Cartesian square
and call it the nearby cycle of F . We also define the vanishing cycle ϕ f (F ) ∈ D b (X 0 ) of F to be the third term of the distinguished triangle:
Since nearby and vanishing cycle functors preserve the constructibility, in the above situation we obtain functors
The following theorem will play a crucial role in this paper. 
Let us recall the definition of characteristic cycles of constructible sheaves. Let X be a smooth algebraic variety over C and F ∈ D b c (X). Then there exists a Whitney stratification X = α X α of X consisting of connected strata X α such that H j (F )| Xα is a locally constant sheaf for any j ∈ Z and α. For a point x α ∈ X α , take a holomorphic function f : U α −→ C defined in a neighborhood U α of x α in X which satisfies the conditions
(ii) (x α ; gradf (x α )) ∈ T and set
Then we can show that the integer m α does not depend on the choice of the stratification X = α X α , x α ∈ X α and f .
Definition 2.5 By using the above integers m α ∈ Z, we define a Lagrangian cycle CC(F ) in the cotangent bundle T * X of X by
Recall that in D b c (X) there exists a full abelian subcategory Perv(X) of perverse sheaves (see [16] and [18] etc. for the detail of this subject). Although for the definition of perverse sheaves there are some different conventions of shifts in the literature, here we adopt the one in [16] by which the shifted constant sheaf
c (X) on a smooth algebraic variety X is perverse. Then for any perverse sheaf F ∈ Perv(X) ⊂ D b c (X) on a smooth algebraic variety X we can easily show that the multiplicities in the characteristic cycle CC(F ) of F are non-negative.
Finally, we recall a special case of Bernstein-Khovanskii-Kushnirenko's theorem [19] .
. We call the convex hull of supp(g) := {v ∈ Z n | a v = 0} ⊂ Z n ⊂ R n in R n the Newton polygon of g and denote it by NP (g). 
15)
where Vol Z (∆) ∈ Z is the normalized n-dimensional volume of ∆ with respect to the lattice Z n ⊂ R n .
Degree formulas for A-discriminant varieties
In this section, we first introduce the formula for the degrees of A-discriminants obtained by Gelfand-Kapranov-Zelevinsky [14] and prove our generalization. Let M ≃ Z n be a Z-lattice (free Z-module) of rank n and M R := R ⊗ Z M the real vector space associated with M. Let A ⊂ M be a finite subset of M and denote by P its convex hull in M R . In this paper, such a polytope P will be called an integral polytope in M R . If A = {α(1), α(2), . . . , α(m + 1)}, we can define a morphism Φ A :
where for each α(i) ∈ A ⊂ M ≃ Z n and x ∈ T we set x α(i) = x
A is a hypersurface in the dual projective space (P m ) * , then the defining homogeneous polynomial of X * A (which is defined up to non-zero constant multiples) is called the Adiscriminant.
Note that the A-discriminant variety X * A is naturally identified with the set of Laurent polynomials f :
is a singular hypersurface in T . In order to introduce the degree formula for A-discriminants proved by Gelfand-Kapranov-Zelevinsky [14] , we need the following. 
We call it the normalized (dim∆)-dimensional volume of K with respect to the lattice M(A ∩ ∆). 
In order to state our generalization of Theorem 3.3 to the case where X * A may be higher-codimensional, recall that T = Spec(C[M]) acts naturally on X A and we have a basic correspondence (0 ≤ k ≤ n = dimP ):
proved by [14, Chapter 5, Proposition 1.9]. For a face ∆ ≺ P of P , we denote by T ∆ the corresponding T -orbit in X A . We denote the value of the Euler obstruction Eu X A :
The precise definition of the Euler obstruction will be given later in Section 4. Here we simply recall that the Euler obstruction of X A is constant along each T -orbit T ∆ and takes the value 1 on the smooth part of X A . In particular, for ∆ = P the T -orbit T ∆ is open dense in X A and Eu(∆) = 1.
Then the codimension r = codimX *
A and the degree of the dual variety X * A are given by
Remark 3.5 (i) For p ∈ Z and q ∈ Z ≥0 , we used the generalized binomial coefficient
For example, for a vertex ∆ = {v} ≺ P , we have
(ii) Note that the number codimX * A − 1 is called the dual defect of X A .
Proof. First, by [14, Chapter 5, Proposition 1.2] we may assume that
is defined by the canonical pairing
where we consider C * as an abelian group (i.e. a Z-module) and Hom Z (M, C * ) denotes the group of homomorphisms of Z-modules from M to C * . Let us consider an affine chart
of P m . Then for any x ∈ T = Hom Z (M, C * ) we have x α(m+1) = 0 and there exists a morphism
If we take α(m + 1) ∈ A to be the origin of the lattices M and M(A), then we obtain an
) of lattices (Z-modules). Note that the morphism Φ A : T −→ P m is not changed by this change of the origin of M = M(A). Therefore we see that the morphism Φ A :
the image of the pair (x, α) by the canonical paring
dim∆ , where we set
In this situation, by [14, Proposition 1.2 and Proposition 1.9 in Chapter 5] the T -orbit T ∆ coincides with the image of Φ A∩∆ and we can similarly prove that the morphism
is an isomorphism. By making use of this very simple description of
we can now give a proof of our theorem. For 1 ≤ i ≤ m, we take a generic linear subspace H ≃ P m−1 (resp. H i+1 ≃ P m−i−1 ) of P m of codimension 1 (resp. i + 1) and set
Here we set H m+1 := ∅. Then by [8, Theorem 1.1] and [24, Remark 3.3 ] (see also [22] and [23] ) the codimension r = codimX *
A and the degree of the dual variety
Hence it remains for us to rewrite the above integers
Next, by taking a generic hyperplane
(a j ∈ C) of P m , we can calculate the topological integral H Eu X A as follows. Since
Note that for a generic hyperplane
dim∆ cut out by H satisfies the assumption of Bernstein-Khovanskii-Kushnirenko's theorem (Theorem 2.8) for any ∆ ≺ P . By Theorem 2.8, we thus obtain
Similarly, by taking a generic linear subspace
j ∈ C) of P m of codimension i + 1 and using Theorem 2.8, we have
By (3.20), (3.23), (3.27) and (3.29), we finally obtain
This completes the proof.
Note that if the dual defect of X A is zero the degree formula of X * A for singular X A 's was also obtained by Dickenstein-Feichtner-Sturmfels [5] . In their paper, they express the degree of X * A by other combinatorial invariants of A. However our formulas seem to be more directly related to the geometry of the convex polytope P . For example, if X A is smooth, our formula coincides with Gelfand-Kapranov-Zelevinsky's theorem [14, Chapter 9, Theorem 2.8].
In Section 4, we will give two combinatorial formulas for the Euler obstruction Eu X A : X A −→ Z of X A . Together with Theorem 3.4 above, we can calculate the dimension and the degree of X * A for any A ⊂ M = Z n (see Example 4.6).
Euler obstructions of toric varieties
In this section, we give some formulas for the Euler obstructions of toric varieties. A beautiful formula for the Euler obstructions of 2-dimensional normal toric varieties was proved by Gonzalez-Sprinberg [15] . Our result can be considered as a natural generalization of his formula. First we recall the definition of Euler obstructions (for the detail see [17] etc.). Let X be an algebraic variety over C. Then the Euler obstruction Eu X of X is a Z-valued constructible function on X defined as follows. The value of Eu X on the smooth part of X is defined to be 1. In order to define the value of Eu X at a singular point p ∈ X, we take an affine open neighborhood U of p in X and a closed embedding U ֒−→ C m . Next we choose a Whitney stratification U = α∈A U α of U such that U α are connected. Then the values Eu X (U α ) of Eu X on the strata U α are defined by induction on codimensions of U α as follows.
(i) If U α is contained in the smooth part of U, we set Eu X (U α ) = 1.
(ii) Assume that for k ≥ 0 the values of Eu X on the strata U α such that codimU α ≤ k are already determined. Then for a stratum U β such that codimU β = k + 1 the value Eu X (U β ) is defined by
for sufficiently small ε > 0 and 0 < η ≪ ε, where q ∈ U β and f is a holomorphic
The above integers χ(U α ∩ f −1 (η) ∩ B(q; ε)) can be calculated by the nearby cycle functor
Indeed by [6, Proposition 4.2.2], for the Milnor fiber
The case of affine toric varieties
From now on, we shall consider the toric case. Let N ≃ Z n be a Z-lattice of rank n and σ a strongly convex rational polyhedral cone in N R = R ⊗ Z N. We denote by M the dual lattice of N and define the polar cone
Then the dimension of σ ∨ is n and we obtain a semigroup S σ := σ ∨ ∩ M and an ndimensional affine toric variety X := U σ = Spec(C[S σ ]) (see [11] and [26] etc.). Recall also that the algebraic torus
n acts naturally on X = U σ and the T -orbits in X are indexed by the faces
) which corresponds to ∆ α . Then we obtain a decomposition X = ∆α≺σ ∨ T α of X = U σ into T -orbits. By the above recursive definition (ii) of Eu X , in order to compute the Euler obstruction Eu X : X −→ Z it suffices to determine the following numbers.
, we define the linking number l α,β ∈ Z of T α along T β as follows. For a point q ∈ T β and a closed embedding ι : X = U σ ֒−→ C m , we set
where f is a holomorphic function defined on an open neighborhood W of q in C m such
Note that the above definition of l α,β does not depend on the choice of q ∈ T β , ι and f etc. We will show that l α,β can be described by the geometry of the cones ∆ α and ∆ β . First let us consider the Z-lattice
Definition 4.2 For two faces ∆ α and ∆ β of σ ∨ such that ∆ β ∆ α , we define the normalized relative subdiagram volume RSV Z (∆ α , ∆ β ) of ∆ α along ∆ β by
where Θ α,β is the convex hull of 
Proof. First recall that we have 
and in a neighborhood of T β in X we have
(see the proof of [14, Chapter 5, Theorem 3.1]). In particular, for ∆ α = σ ∨ we have
in a neighborhood of T β . More precisely, there exists a unique point q ∈ X σ,β := Spec(C[S σ,β ]) such that {q} × T β = T β . Now let us take a face ∆ α ≺ σ ∨ such that ∆ β ∆ α and set X α,β := Spec(C[S α,β ]). Then by the inclusion S α,β ֒−→ S σ,β we obtain a surjective homomorphism
of C-algebras and hence a closed embedding X α,β ֒−→ X σ,β . Denote by
dim∆α−dim∆ β of the toric variety X α,β . Note that we have T α ≃ T α,β × T β . Now let v 1 , v 2 , . . . , v m be generators of the semigroup S σ,β and consider a surjective morphism
Then it induces a closed embedding X σ,β ֒−→ C m by which the point q ∈ X σ,β is sent to 0 ∈ C m . If we consider T α,β as a locally closed subset of C m by this embedding, then the linking number l α,β of T α along T β is given by
where f : C m −→ C is a generic linear form. By applying Theorem 2.4 to the closed embedding X α,β ֒−→ C m , we obtain
where we set g := f | X α,β . Finally it follows from [25, Corollary 3.6] (whose special case used here can be deduced also from the proof of [14, Chapter 10, Theorem 2.12]) that
Since the Euler obstruction Eu
, we denote by Eu(∆ α ) the value of Eu X on T α . Then we have 
The case of toric varieties associated with lattice points I
Now let us consider a special case of projective toric varieties associated with lattice points. We inherit the situation and the notations in Section 3. Let A ⊂ M = Z n be a finite subset of M = Z n such that the convex hull P of A in M R is n-dimensional. Let N = Hom Z (M, Z) = M * be the dual Z-lattice of M and set N R := R ⊗ Z N. Since N R is the dual vector space of M R , a point u ∈ N R is a linear form on M R . Definition 4.5 For u ∈ N R we define the supporting face ∆(P, u) of u in P by
For each face ∆ ≺ P of P , set
Then we obtain a decomposition of N R :
and Σ P := {σ ∆ | ∆ ≺ P } is a complete fan in N R . We call Σ P the normal fan of P . Let X Σ P be the complete toric variety associated with Σ P and denote by T its open dense torus. By [26, Theorem 2.13], if P is sufficiently large and A = P ∩ M, the natural morphism Φ A : X Σ P −→ P ♯A−1 associated with A induces an isomorphism X Σ P ∼ −→ X A . Note that in this case the toric variety X A is normal. Let us give a formula for Eu X A in this special but important case where X Σ P ∼ −→ X A . For a face ∆ α ≺ P of P , we denote by T α the T -orbit in X Σ P ≃ X A which corresponds to the cone σ ∆α in Σ P . Then we obtain a decomposition X A ≃ X Σ P = ∆α≺P T α of X A into T -orbits. Now let ∆ α , ∆ β be two faces of P such that ∆ β ∆ α . Let v ∈ ∆ β be a vertex of of the smaller face ∆ β and σ := σ {v} ∈ Σ P the maximal cone which corresponds to the 0-dimensional face {v} ≺ P . Then T α and T β are contained in the affine open subset U σ = Spec(C[σ ∨ ∩ M]) ⊂ X Σ P and we can apply our results in Subsection 4.1. Indeed, by the dilation action of the multiplicative group R >0 on M R , we obtain the equality R >0 (P − v) = σ ∨ in M R and the natural correspondence: 20) Note that this correspondence is compatible with the ones for T -orbits in X A and X Σ P . Therefore, by taking the two faces of σ ∨ which correspond to ∆ α and ∆ β via this correspondence, we can define the normalized relative subdiagram volume RSV Z (∆ α , ∆ β ) by Definition 4.2 and give a formula for the Euler obstruction Eu X A : X A −→ Z as follows. Since Eu X A is constant on each T -orbit, for a face ∆ α ≺ P of P denote by Eu(∆ α ) the value of Eu X A on T α . Then by Corollary 4.4 all the values Eu(∆ α ) are determined by induction on codimensions of faces of P as follows:
Example 4.6 We give an example of integral convex polytopes for which the degree of the A-discriminant is easily computed by our method. For a Z-basis {m 1 , m 2 , m 3 } of M ≃ Z 3 , let P be the 3-dimensional simplex with vertices v 1 = m 1 , v 2 = m 2 , v 3 = 2m 3 , v 4 = 0 and set A := P ∩ M = {0, m 1 , m 2 , m 3 , 2m 3 }. Then we can easily check that the condition in [26, Theorem 2.13] is satisfied. Namely the line bundle on X Σ P associated with P is very ample and X A ≃ X Σ P in P 4 in this case. Let us compute the values of the Euler obstruction Eu X A of X A by our algorithm. For α ⊂ {1, 2, 3, 4}, we denote by ∆ α the face of P whose vertices are {v i | i ∈ α}. We can easily determine the values of Eu X A on the 2 and 3-dimensional T -orbits: 
By this expression we can show (4.27) directly. For a list of X A with large dual defect, see the recent results in [3] and [7] .
The case of toric varieties associated with lattice points II
From now on, we shall give a combinatorial description of Eu X A for the varieties X A defined by general finite subsets A ⊂ M ≃ Z n . We inherit the notations in Section 3. Without loss of generality, we may assume that the rank of the affine Z-lattice M(A) generated by A is n. Let P be the convex hull of A in M R . For each face ∆ α of P , consider the smallest affine subspace L(∆ α ) of M R containing ∆ α and the affine Z-lattice
. Now let us fix two faces ∆ α , ∆ β of P such that ∆ β ≺ ∆ α . By taking a suitable affine transformation of the lattice M(A), we may assume that the origin 0 of M(A) is a vertex of the smaller face ∆ β . By this choice of the origin 0 ∈ ∆ β ∩ M(A), we define the subsemigroup S α of M α generated by A ∩ ∆ α . Although S α depends also on ∆ β etc., we denote it by S α to simplify the notation. Denote (ii) We denote by
We call K − (S α /∆ β ) the subdiagram part of the semigroup S α /∆ β and denote by u(S α /∆ β ) its normalized (dim∆ α − dim∆ β )-dimensional volume with respect to the
Finally, recall the definition of the index i(∆ α , ∆ β ) ∈ Z >0 in [14, Chapter 5, (3.1)].
Definition 4.8 ([14]) For two faces ∆
Now recall that by [14, Chapter 5, Proposition 1.9] we have the basic correspondence:
For a face ∆ α ≺ P of P , we denote by T α the corresponding T -orbit in X A . We also denote by Eu(∆ α ) the value of the Euler obstruction Eu X A : X A −→ Z on T α .
Theorem 4.9
The values Eu(∆ α ) are determined by:
Proof. Let ∆ α ≺ P be a face of P . Then by [14, Chapter 5, Proposition 1.9] the closure T α of T α in X A is isomorphic to the projective toric variety X A∩∆α ⊂ P ♯(A∩∆α)−1 defined by the finite subset A ∩ ∆ α in the lattice
is an affine variety as follows. Let
be the embedding defined by v −→ (v, 1) and S α the subsemigroup of the lattice Ξ α generated by i α (A ∩ ∆ α ) and 0 ∈ Ξ α . Then by [14, Chapter 5, Proposition 2.3] the cone Cone(T α ) ⊂ C ♯(A∩∆α) is isomorphic to the affine toric variety Spec(C[ S α ]). In the special case when ∆ α = P , we set Ξ := Ξ α (= M(A) ⊕ Z) and S := S α for short. Since S α is a subsemigroup of S via the inclusions M α ⊂ M(A) and Ξ α ⊂ Ξ, there exists a natural surjection
This corresponds to the closed embedding
Now let ∆ α and ∆ β be two faces of P such that ∆ β ∆ α (⇐⇒ T β T α ). We have to determine the linking number l α,β of T α along T β (defined as in Definition 4.1). Since the singularity of T α along T β is the same as that of Cone(
, it suffices to study the pair Cone(T β ) ⊂ Cone(T α ). Moreover, by the proof of [14, Chapter 5, Theorem 3.1], in a neighborhood of Cone(T β ) in Cone(X A ) ⊂ C ♯A , we have
and the fibers of the morphisms
Since the natural morphism
is injective, we obtain a surjection
and hence a closed embedding
consists of a single point. We denote this point by q. Now let us consider the open subset
Then it induces a closed embedding Y ֒−→ C m by which the point q ∈ Y is sent to 0 ∈ C m . If we consider W α as a locally closed subset of C m by this embedding, then the linking number l α,β is given by
where f : C m −→ C is a generic linear form. By applying Theorem 2.4 to the closed embedding Y α ֒−→ C m , we obtain also
where we set g := f | Yα . In order to calculate this last term χ(ψ g (C Wα ) 0 ), we shall investigate the structure of W α more precisely. By the inclusion (
Since we assumed that the origin of the lattice M α is a vertex of ∆ β , the two lattices Ξ ′ α and Ξ β contain the subgroup {(0, t) ∈ Ξ α | t ∈ Z} ≃ Z of Ξ α . Hence we obtain an isomorphism
Namely Ξ β is a sublattice of Ξ ′ α with index l := i(∆ α , ∆ β ). By the fundamental theorem of finitely generated abelian groups, we may assume that
For s ∈ Ξ α , we define an integer e(s) ∈ {0, 1, 2, . . . , l − 1} by Ψ(s) = [e(s)] ∈ G ≃ Z/lZ. Then for k = 0, 1, 2, . . . , l − 1 there exist surjective homomorphisms
of C-algebras defined by
where µ l = exp
is the primitive l-th root of unity. On the other hand, since 
of C-algebras defined by 
Then we have an isomorphism
. Therefore, applying Theorem 2.4 to ι k (k = 0, 1, 2, . . . , l − 1), we obtain
where we set
. Finally by [25, Corollary 3.6] (see also the proof of [14, Chapter 10, Theorem 2.12]) we get
Characteristic cycles of constructible sheaves
In this section, we give a formula for the characteristic cycles of T -invariant constructible sheaves (see Definition 5.1 below) on toric varieties and apply it to GKZ hypergeometric systems and intersection cohomology complexes. First, let X be a (not necessarily normal) toric variety over C and T ⊂ X the open dense torus which acts on X itself. Let X = α X α be the decomposition of X into T -orbits. Definition 5.1 (i) We say that a constructible sheaf F on X is T -invariant if F | Xα is a locally constant sheaf of finite rank for any α.
(ii) We say that a constructible object
Note that the so-called T -equivariant constructible sheaves on X are T -invariant in the above sense. Recall also that to any object
If moreover F is T -invariant, clearly ρ(F ) is constant on each T -orbit X α . In this case, we denote the value of ρ(F ) on X α by ρ(F ) α ∈ Z. By using the fact that vanishing and nearby cycle functors send distinguished triangles to distinguished triangles, we can easily prove the following. 
Now let X ֒−→ Z be a closed embedding of the toric variety X into a smooth algebraic variety Z and F ∈ D in T * Z. It is well-known that the coefficients m α satisfy the formula
Moreover m α are uniquely determined by this formula. Since the calculation of the Euler obstructions Eu Xα does not depend on the choice of the embedding X ֒−→ Z (see [17] ), the coefficients m α do not depend on the choice of the smooth ambient space Z. Now let N ≃ Z n be a Z-lattice of rank n and σ a strongly convex rational polyhedral cone in N R . We take the dual Z-lattice M of N and consider the polar cone
is a normal toric variety and its open dense torus T is Spec (C[M] ). We denote by X α the T -orbit which corresponds to a face ∆ α of σ ∨ and consider the decomposition X = ∆α≺σ ∨ X α of X into T -orbits. In this situation, we have the following result. 
are given by the formula
(for the definition of the normalized relative subdiagram volume
Proof. Since the coefficients of the characteristic cycle CC(F ) are calculated by vanishing cycles as we explained in Section 2, by Proposition 5.2 we have
we will show (5.7). It is enough to prove that for any
. Since in the case ∆ β = ∆ α we obtain it easily, it is enough to consider the case ∆ β = ∆ α . From now on, we shall inherit and freely use the notations in the proof of Theorem 4.3. In particular, in a neighborhood of X β = T β in X we have
and there exists a unique point q ∈ X σ,β such that {q} × T β = T β . Let us take a closed embedding X σ,β ֒−→ C m by which the point q ∈ X σ,β is sent to 0 ∈ C m . Since the coefficient m α,β in the characteristic cycle CC(C Xα ) is independent of the choice of the ambient manifold Z, we may replace Z by Z ′ := C m × T β and compute it in Z ′ . Since X α = T α ≃ T α,β × X β , we obtain an isomorphism
Hence by taking a generic linear form f : C m −→ C we have
By applying Theorem 2.4 to the closed embedding X α,β ֒−→ C m we obtain
where we set g := f | X α,β . Note that if ∆ β ∆ α the stalk of C T α,β at 0 ∈ X α,β is zero and
Finally by [25, Corollary 3.6 ] (see also the proof of [14, Chapter 10, Theorem 2.12]) we obtain the desired formula
By the proof of Theorem 4.9, we can prove also a similar result for projective toric varieties associated with lattice points. Let A be a finite subset of M ≃ Z n such that the convex hull P of A in M R is n-dimensional. We inherit the notations in Section 3 and Section 4. Let us consider the projective toric variety X A ⊂ Z = P ♯A−1 associated with A. For a face ∆ α of P , denote by X α (= T α ) the T -orbit which corresponds to ∆ α . Then we obtain a decomposition X A = ∆α≺P X α of X A into T -orbits. Since the proof of this theorem is similar to that of Theorem 5.3, we omit it.
Example 5.5 Assume that the finite set A = {α(1), α(2), . . . , α(m + 1)} ⊂ Z n generates M = Z n . For j = 1, 2, . . . , m + 1, set α(j) := (α(j), 1) ∈ Z n+1 and consider the (n + 1) × (m + 1) integer matrix A := t α(1) t α(2) · · · t α(m + 1) = (a ij ) ∈ M(n + 1, m + 1; Z) (5.21) whose j-th column is t α(j). For γ ∈ C n+1 , we set Then the GKZ hypergeometric system on C m+1 x associated with A and the parameter γ ∈ C n+1 is P i f (x) = 0 (1 ≤ i ≤ n + 1),
(see [12] and [13] ). Let D C ). In [13, Theorem 4.6] , by calculating the characteristic cycles of both sides of (5.26), they proved that (5.26) is an isomorphism if γ ∈ C n+1 is generic (non-resonant in the sense of [13, Theorem 4.6] ). For each face ∆ ≺ P let V 0 (∆) ⊂ (P m ) * be the dual variety of the closure T ∆ ⊂ P m of the T -orbit in X A which corresponds to ∆ and denote by V (∆) ⊂ C From now on, we shall apply Theorem 5.3 to the intersection cohomology complexes on projective toric varieties. Let M ≃ Z n be a Z-lattice of rank n and N its dual lattice. Let P be an integral polytope in M R such that dimP = n = dimM R and Σ P its normal fan in N R (see Subsection 4.2). Denote by X Σ P the (normal) toric variety associated with Σ P . Then by [26, Theorem 2.13] , if P is sufficiently large and A = P ∩ M, the natural morphism Φ A : X Σ P −→ P ♯A−1 induces an isomorphism X Σ P Corollary 5.7 If n = 2, then the following three conditions are equivalent.
(i) X = X A ≃ X Σ P is smooth.
(ii) Eu X ≡ 1 on X.
(iii) The characteristic cycle CC(F ) of F = IC X [n] is irreducible.
Motivated by our calculations in the dimensions n = 2, 3 and 4, we conjecture that the same equivalence would hold also for higher dimensions n ≥ 3.
